INFINITE RANK OF ELLIPTIC CURVES OVER Q 
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Abstract. If E is an elliptic curve defined over a quadratic field 
K, and the j-invariant of E is not or 1728, then E{Q^^) has 
infinite rank. If E is an elliptic curve in Legendre form, = 
x{x — l)(x — A), where Q(A) is a cubic field, then E{KQ'^^) has 
infinite rank. If A € if has a minimal polynomial P{x) of degree 
4 and = P(u) is an elliptic curve of positive rank over Q, we 
prove that y"^ = x{x — l)(a; — A) has infinite rank over f^fniab 



1. Introduction 

In p], G. Prey and M. Jarden proved that every elliptic curve 
has infinite rank over Q'^'^ and asked whether the same is true for all 
abelian varieties. For a general number field K (not necessarily con- 
tained in Q'^''), the question would be whether every abelian variety A 
over K is of infinite rank over KQ^^. An affirmative answer to this 
question would follow from an affirmative answer to the original ques- 
tion, since every Q'^'^-point of the Weil restriction of scalars Rbsk/qA 
gives a i^Q'^'^-point of A. We specialize the question to dimension 1. 

Question 1. If E is an elliptic curve over a number field K, must E 
have infinite rank over K^^^ ? 

Specializing further to the case that K is abelian over Q, the question 
can be reformulated as: 

Question 2. Does every elliptic curve over^^^ have infinite rank over 

Qabp 

In a recent paper [6j, E. Kobayashi considered Question |2] when [K : 
Q] is odd. In this setting, she gave an affirmative answer, conditional 
on the Birch-Swinnerton-Dyer conjecture. 

We give an affirmative answer to Question [T] when E is defined over 
a field K of degree < 4 over Q and satisfies some auxiliary condition. 
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In all of our results, we can replace Q*^^ by Q(2), the compositum of all 
quadratic extensions of Q. Our strategy for finding points over Q(2) 
entails looking for Q-points on the Kummer variety Resx/Q-E/(±1) by 
looking for curves of genus < 1 on that variety. When K is a quadratic 
field, ResK/qE is an abelian surface isomorphic, over C, to a product of 
two elliptic curves. Our construction of a curve on the Kummer surface 
ResK/qE/ (±1) is modelled on the construction of a rational curve on 
{El X E2)/{±1) due to J-F. Mestre [7] and to M. Kuwata and L. Wang 
[5]. For [K : Q] = 3, our proof depends on an analogous construction 
of a rational curve on {Ei x E2 x i?3)/(±l) which is presented in [4]. 
We do not know of any rational curve on {Ei x E2 x x / (±1) for 
generic choices of the Ei, but [1] constructs a curve of genus 1 in this 
variety. 

2. A Geometric Construction 
We now recall a geometric construction of a curve in 
(1) (El X ■■■ X E„)/(±l), 

where (±1) acts diagonally on the product. 

Lemma 3. Let K he a separably dosed field with char {K) 7^ 2 and 
for an integer n > 2, let Ei, . . . En be pairwise non-isomorphic elliptic 
curves over K. Then Ei x ■ ■ ■ x i?„)/(±l) contains a curve X whose 
normalizer has genus 

Qn :=2"-3(n-4) + l. 
In particular, g2 = 93 = ^ o-nd g^ = 1. 
Proof. Let Ei be written in Legendre form : for i = 1, 2, . . . n, 

Ei : = Xi{xi - l){xi - A^), Xi G K. 

Since the Ei are non-isomorphic over K, the Aj are distinct. 
Considering x ■ ■ ■ x as a (Z/2Z)"-cover of 

Ei/(±l)x---xE„/(±l)-(P^)", 

we examine the inverse image in ([1]) of embedded diagonally in 
(Pi)". 

An affine open set of the resulting curve has coordinate ring 

x\x-lf{x-Xi){x-X2) 

— — Ai)(x — A„), 
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with Zi2 = yiy2, zin = yiUn fixed under the action of (±1). A 
projective non-singular model is given in homogeneous coordinates by 

(u\ = (v - X^t){v - X2t), 

[mLi = {v - Xlt){v - Xnt). 

Then by the Riemann-Hurwitz formula, the genus Qn of C„ is given by 
2^„-2 = 2"-i(-2)+n2"-2. 

If n = 2 or n = 3, then Qn = and if n = 4, then Qn = 1. This 
completes the proof. □ 

It is difficult to tell when this construction produces a curve with in- 
finitely many rational points over Q. We do not use Lemma [3] directly 
in what follows, but it motivates the apparently ad hoc, explicit con- 
structions of the remainder of the paper. Each of the following sections 
deals with them and the quadratic case in Section 3 shows a concrete 
construction which motivates other cases. 

3. The Quadratic Case 

We begin with a lemma. 

Lemma 4. Let k be a non-negative integer and Q{u,v) G Ql^jf] a 
homogeneous polynomial of degree 2{2k + 1) satisfying the functional 
equation 

Q{mu,v) = m^''^^Q{v,u) 
for a fixed squarefree integer m ^ 1. Then Q{u,v) cannot be a perfect 
square in C[u, v] . 

Proof. Let i be the largest integer such that divides Q{u,v). If 
i is odd, Q{u,v) cannot be a perfect square in C[M,f]. We therefore 
assume that i = 2j. Without loss of generality, we may assume that the 
^4fc+2-2j^2i coefficient is 1. If q{u,v) is a square root of Q{u,v) over C, 
then the ^^'^^^"•'f ■'-coefficient of q{u,v) is ±L Every automorphism a 
of the complex numbers sends q{u, v) to ±g(M, v). However, a fixes the 
^2k+i-j^j coefficient of q{u, v), so a fixes q{u, v), which means q{u, v) G 
Q[u,f]. From the given functional relation, q{u,v) satisfies 

q(mu,v) = ±\^(m'^q{v,u)), 

which gives a contradiction since ^/m Q. □ 

Theorem 5. Let E: y"^ = P{x) := + ax + P be an elliptic curve 
defined over a quadratic extension K of Q. If the j-invariant of E is 
not or 1728, then E{<Q°''') has infinite rank. 
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Proof. Let K = Q(\/m), where m e Z is a square-free integer, and 
E: — P{x) :— -\- ax -\- ^ an elliptic curve defined over K. By the 
hypothesis on the j-invariant, a 7^ and P ^ 0. Replacing a and /3 
by X'^a and \^f3 for suitable A e i^T, we may assume without loss of 
generality that a,(3 ^ Q. 

Let a — a + Cy/m and (3 — b + dy/m for a, b,c,d ^ Q,c,d ^ 0. Then 
for xi := e Q, we have P{xi) e Q, and 

Now by substituting a by j'^a and /3 by 7^/3 for 7 e X such that 
7'^q;,7^/3 ^ Q, we get an isomorphism over K between E and the 
elliptic curve 

E^-.y'^^ P^{x) := x^ + 7^q;x + 7^/3. 



For each such 7 = + v^/m for li, v e Q, we get a point 




where x-y G Q and P-y^x^) G Q. 



Now we show that there are infinitely many quadratic fields L such 

that Q(^^P^(a;^)) = L for some ^ E K. 

For a; G Q, we expand P'y{x) as R + Iy/m where R,lE Q[u, v, x] and 
we get 

/ = xTi{u, v) + Si{u, v) and R = x^ + xT2{u, v) + 5*2 (m, v), 

where Tj and Si are homogeneous polynomials in u and v over Q of 
degree 4 and 6 respectively satisfying relations: 

(3) Ti{m,u,v) — m'^Ti{v,u), Si{mu,v) — 'm^Si{v,u). 

We solve the equation I — xTi{u, v) + Si{u, v) — for x and get 

_ Si{u,v) 

We then substitute this value of x into the rational part R of P^yix), 
and after clearing the denominator by multiplying by the square (Ti(u, v)Y, 
we obtain the polynomial 

-T^{u,v){S^{u,vf + S^{u,v) T,{u,vy T^iu.v) - S2{u,v) T,{u,vf), 
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which we denote Q. Thus, Q is homogeneous of degree 22 over Q and 
from the relation (jS]), it satisfies 

(4) Q{mu,v) = m^^Q{v,u). 

Note that by direct computation, the coefficients of the w^^-term and 
M^^f-term in Q{u,v) are respectively, 

Ao = c{-d^-adc^+bc^), Ai = 2{-Qa^dc'^-2a(f+5abc^+mc^d-9c(fb). 

If Q{u,v) = 0, then Aq = Ai = 0. Since c ^ and (i 7^ 0, we solve 
Aq = for a and substitute 

bc^ — d^ 

into = 0. Then we get 

-52^6 _ 4^c^d% - Ad^ + mc^d^ = 0, 

whose discriminant in b is mc^'^d'^ which is not a square in Q. Hence 
Ai 7^ 0. This shows that Q{u,v) cannot be identically zero. By 
Lemma m Q{u,v) cannot be a perfect square in C[u,f]. 
Hence y"^ — Q{u, v) is irreducible over C. 

Let f{t) G Q[t] be the polynomial of degree 22 in the variable t = u/v 
obtained by replacing Q{u,v) by Q{u,v)v~'^'^. For a finite extension L 
of K, we let 

H{f, L) := {f eQ: f{t') - y"^ is irreducible over L} 

the intersection of Q with the Hilbert set of / over L. By the Hilbert 
irreducibility theorem ([3l Chapter 12]), such an intersection is non- 
empty. 

Hence there exists 70 = ^io + VQ^fm G K such that 

u ■■= Qyp,,i^j) = Q(v^gK>^7o)) 

is a quadratic field not contained in L. Inductively, we get an infinite 
sequence of 'jk = Uk + Vky/m such that the fields 

are all linearly disjoint. 
Let V be the set 

By P, Lemma], the set |J E{L)tor is a finite set, where the union 

[L:K]<d 

runs all over finite extensions L of K whose degree over K is less 
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than or equal to d. Therefore, V contains only finitely many torsion 
points. Then by linear disjointness of KLi over K, non-torsion points 

i'y k'^^ik ' 7^^ V ^ik i^ik ) ) ^ ^ linearly independent in E(KQ^^). 
Therefore the rank of E{KQ[2)) is infinite, therefore, the rank of 
E{K([T^) C E{([T^) is infinite. □ 



4. The Cubic Case 

Theorem 6. Let A denote an element of a cubic extension K of ' 
Then E: y"^ = x{x — l){x — A) has infinite rank over KQ^^. 

Proof. If A e Q, then we are done, so we assume that Q(A) = K. 
Let 

L{t) := -at'^ + bt-c 
denote the minimal polynomial of A. Expanding, we have 



where 



Let 



Defining 



(^^ + (t-a)A + A2) ^M{t)-L{t)\ 

, t^- + 8rf + 6^ - 4ac 
M{t) ^ . 

N{t) := Lit)Mit){M(t) - L{t)). 

M{t) 



X :- 



y ■-- 



+ (f - a)X + X' 



we verify by computation that {x,y) G K{t, N(t)y lies on E, i.e., 
belongs to E{K{t, ^N{t))). Note that degA^ = 11, so - N{t) is 
irreducible in C['t/;,i]. Specializing t in Q, and applying Hilbert irre- 
ducibility, as before, we obtain points of E{KLi) for an infinite sequence 
of quadratic fields Li/Q. It follows that E has infinite rank over KQ{2) 
and therefore over KQ^^. 

□ 
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5. The Quartic Case 

Theorem 7. Let A denote an element generating a quartic extension 
K of Q. Let P{x) be the (monic) minimal polynomial of X over Q. If 
the genus 1 curve 

(5) f ^ = P{u) := + pu^ + qv^ + ru + s 

is an elliptic curve of positive rank overQ, then E: y"^ = x{x — l){x — X) 
has infinite rank over KQ^^ . 

Proof. If {u,v) satisfies ([5]), then setting 

A(u, v) = {2u'^ + pu^ — ru — 2s)v 

8u^ + 8pu^ + (jP' + Aq)u'^ — (8s + 2pr)u^ — 8psu + — Aqs 



+ 
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B{u, v) = (4-u^ + 3pu^ + 2qu + r)v 

+ Au^ + hpu^ + {p^ + Aq)u^ + (4r + pq)u^ + (4s + rp)u + ps, 

and 

— '2i'ii'v — '2iU^ — dUj^ ~\~ T 
C{u,v) := — + {v + u'^ + pu + q)X + {u + p)\^ + \^ 

we have 

C{u,vf = A{u,v) - B{u,v)X 
by explicit computation. Thus, if {u,v) G Q^, we have 



_ , A{u,v) ^ lA{u,v){A{u,v)-B{u,v)) 



(6) \Biu,vy ' ' Biu.vY 

G E [kQ [^D{u,v)^ 
where 

D{u, v) := A{u, v)B{u, v){A{u, v) - B{u, v)) G Q[u, v]. 

We embed the function field F of ([5]) in the field of Laurent series 
Foo := C((t)) by mapping u to 1/t and v to the square root of P{u) 
in C((t)) with principal term 1/t^. We choose the correct square root 
of P{u) so that this defines a discrete valuation on F with respect to 
which A{u,v), B{u,v) and A{u,v) — B{u,v) have value 6, 5, and 6 
respectively. It follows that Foo{^/D{u~u)) = C((i:^/^)). This implies 
that y/D (m, v) does not lie in F. Therefore, \jD{u, v) ^ F. Let X 
denote the projective non-singular curve over C with function field 
F[z\/{z'^ — D{u,v)). Then there exists a morphism from X to the 
projective non-singular curve with function field F, which is ramified 
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at FoQ. It follows that the genus of X is at least 2. By Faltings' 
theorem [1], X{Q{\/D)) is finite for all D E Q. If there are infinitely 
many Q-points {Qk '■= {uk, on their inverse images generate 

infinitely many different quadratic extensions of Q, and so the points 
{Piuk,Vk)}T=i of -E in are defined over different quadratic extensions 
KQ{^D{uk,Vk)) of Q. By P Lemma] again, it follows that E{KQ{2)) 
has infinite rank. □ 
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